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DIFFERENTIABILITY OF THE ARITHMETIC VOLUME
FUNCTION
Huayi Chen
Abstrat.  We introdue the positive intersetion produt in Arakelov geometry
and prove that the arithmeti volume funtion is ontinuously dierentiable. As
appliations, we ompute the distribution funtion of the asymptoti measure of a
Hermitian line bundle and several other arithmeti invariants.
Résumé.  On introduit le produit d'intersetion positive en géométrie d'Arakelov
et on démontre que la fontion volume arithmétique est ontinuement dérivable.
Comme appliations, on alule la fontion de répartition de la mesure de probabilité
asymptotique d'un bré inversible hermitien ainsi que quelques d'autres invariants
arithmétiques.
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1. Introdution
Let K be a number eld, OK be its integer ring and pi : X → SpecOK be an
arithmeti variety of relative dimension d. Reall that the arithmeti volume of a
ontinuous Hermitian line bundle L on X is by denition
(1) v̂ol(L) := lim sup
n→∞
ĥ0(X,L
⊗n
)
nd+1/(d+ 1)!
,
where
ĥ0(X,L
⊗n
) = log#{s ∈ pi∗(L
⊗n) | ∀σ : K → C, ‖s‖σ,sup 6 1}.
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The properties of the arithmeti volume v̂ol (see [21, 22, 26, 27, 11, 12℄) are quite
similar to the orresponding properties of the lassial volume funtion in algebrai
geometry. Reall that if Y is a projetive variety dened over a eld k and if L is a
line bundle on Y , then the volume of L is dened as
vol(L) := lim sup
n→∞
rkkH
0(Y, L⊗n)
ndimY /(dimY )!
.
In [8℄, Bouksom, Favre and Jonsson have been interested in the regularity of the
geometri volume funtion. They have atually proved that the funtion vol(L) is
ontinuously dierentiable on the big one. The same result has also been indepen-
dently obtained by Lazarsfeld and Musµata [18℄, by using Okounkov bodies. Note
that the geometri volume funtion is not seond order derivable in general, as shown
by the blow up of P2 at a losed point, see [17, 2.2.46℄ for details. In the dier-
ential of vol appears the positive intersetion produt, initially dened in [7℄ in the
analyti-geometrial framework, and redened algebraially in [8℄.
Inspired by [8℄, we introdue an analogue of the positive intersetion produt in
Arakelov geometry and prove that the arithmeti volume funtion v̂ol is ontinuously
dierentiable on P̂ic(X). We shall establish the following theorem:
Theorem 1.1.  Let L and M be two ontinuous Hermitian line bundles on X.
Assume that L is big. Then
DLv̂ol(M) := limn→+∞
v̂ol(L
⊗n
⊗M)− v̂ol(L
⊗n
)
nd
exists in R, and the funtion DLv̂ol is additive on P̂ic(X). Furthermore, one has
DLv̂ol(M) = (d+ 1)
〈
ĉ1(L)
d
〉
· ĉ1(M).
Here the positive intersetion produt
〈
ĉ1(L)
d
〉
is dened as the least upper bound
of self intersetions of ample Hermitian line bundles dominated by L (see 3.3 infra).
In partiular, one has
〈
ĉ1(L)
d
〉
· ĉ1(L) =
〈
ĉ1(L)
d+1
〉
= v̂ol(L), whih shows that the
arithmeti Fujita approximation is asymptotially orthogonal.
As an appliation, we alulate expliitly the distribution funtion of the asymp-
toti measure (see [10, 11℄) of a generially big Hermitian line bundle in terms of
positive intersetion numbers. Let L be a Hermitian line bundle on X suh that LK
is big. The asymptoti measure νL is the vague limit (when n goes to innity) of Borel
probability measures whose distribution funtions are determined by the ltration of
H0(XK , L
⊗n
K ) by suessive minima (see (13) infra). Several asymptoti invariants
an be obtained by integration with respet to νL. Therefore, it is interesting to
determine ompletely the distribution of νL, whih will be given in Proposition 5.2
by using the positive intersetion produt.
The artile is organized as follows. In the seond setion, we reall some positivity
onditions for Hermitian line bundles and disuss their properties. In the third
setion, we dene the positive intersetion produt in Arakelov geometry. It is in the
fourth setion that we establish the dierentiability of the arithmeti volume funtion.
Finally in the fth setion, we present appliations on the asymptoti measure and
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we ompare our result to some known results on the dierentiability of arithmeti
invariants.
Aknowledgement: I would like to thank R. Berman, D. Bertrand, J.-B. Bost, S.
Bouksom, C. Favre and V. Maillot for interesting and helpful disussions. I am also
grateful to M. Jonsson for remarks.
2. Notation and preliminaries
In this artile, we x a number eld K and denote by OK its integer ring. Let K
be an algebrai losure of K. Let pi : X → SpecOK be a projetive and at morphism
and d be the relative dimension of pi. Denote by P̂ic(X) the group of isomorphism
lasses of (ontinuous) Hermitian line bundles on X . If L is a Hermitian line bundle
on X , we denote by pi∗(L) the OK-module pi∗(L) equipped with sup norms.
In the following, we reall several notions about Hermitian line bundles. The
referenes are [16, 28, 6, 20℄.
Assume that x ∈ X(K) is an algebrai point of X . Denote by Kx the eld of
denition of x and by Ox its integer ring. The morphism x : SpecK → X gives rise
to a point Px of X valued in Ox. The pull-bak of L by Px is a Hermitian line bundle
on SpecOx. We denote by hL(x) its normalized Arakelov degree, alled the height of
x. Note that the height funtion is additive with respet to L.
Let L be a Hermitian line bundle on X . We say that a setion s ∈ pi∗(L) is
eetive (resp. stritly eetive) if for any σ : K → C, one has ‖s‖σ,sup 6 1 (resp.
‖s‖σ,sup < 1). We say that the Hermitian line bundle L is eetive if it admits a
non-zero eetive setion.
Let L1 and L2 be two Hermitian line bundles on X . We say that L1 is smaller
than L2 and we denote by L1 6 L2 if the Hermitian line bundle L
∨
1 ⊗ L2 is eetive.
We say that a Hermitian line bundle A is ample if A is ample, c1(A) is semi-positive
in the sense of urrent on X(C) and ĉ1(L|Y )
dimY > 0 for any integral sub-sheme Y
of X whih is at over SpecOK . Here the intersetion number ĉ1(L|Y )
dimY
is dened
in the sense of [28℄ (see Lemma 6.5 lo. it., see also [29℄). Note that there always
exists an ample Hermitian line bundle on X . In fat, sine X is projetive, it an be
embedded in a projetive spae PN . Then the restrition of OPN (1) with Fubini-Study
metris on X is ample. Note that the Hermitian line bundle L thus onstruted has
stritly positive smooth metris. Thus, if M is an arbitrary Hermitian line bundle
with smooth metris on X , then for suiently large n, M ⊗ L
⊗n
is still ample.
We say that a Hermitian line bundle N is vertially nef if the restrition of N on
eah ber of pi is nef and c1(N) is semi-positive in the sense of urrent on X(C).
We say that N is nef if it is vertially nef and ĉ1(N |Y )
dimY > 0 for any integral
sub-sheme Y of X whih is at over SpecOK . By denition, an ample Hermitian
line bundle is always nef. Furthermore, if A is an ample Hermitian line bundle and if
N is a Hermitian line bundle suh that N
⊗n
⊗A is ample for any integer n > 1, then
N is nef. We denote by N̂ef(X) the subgroup of P̂ic(X) onsisting of nef Hermitian
line bundles.
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If f : X(C) → R is a ontinuous funtion, we denote by O(f) the Hermitian line
bundle on X whose underlying line bundle is trivial, and suh that the norm of the
unit setion 1 at x ∈ X(C) is e−f(x). Note that, if f is positive, then O(f) is eetive.
If f is positive and plurisubharmoni, then O(f) is nef. In partiular, for any a ∈ R,
O(a) is nef if and only if a > 0. If L is a Hermitian line bundle on X , we shall use
the notation L(f) to denote L⊗O(f).
We say that a Hermitian line bundle L is big if its arithmeti volume v̂ol(L) is
stritly positive. By [21, 26℄, L is big if and only if a positive tensor power of L an
be written as the tensor produt of an ample Hermitian line bundle with an eetive
one. Furthermore, the analogue of Fujita's approximation holds for big Hermitian
line bundles, f. [12, 27℄.
The arithmeti volume funtion v̂ol is atually a limit (f. [11℄): one has
v̂ol(L) = lim
n→∞
ĥ0(X,L
⊗n
)
nd+1/(d+ 1)!
.
Moreover, it is a birational invariant whih is ontinuous on P̂ic(X)Q, and an be
ontinuously extended to P̂ic(X)R, f. [21, 22℄. The analogue of Siu's inequality and
the log-onavity hold for v̂ol, f. [26, 27℄.
Remark 2.1.  1) In [28℄ and [20℄, the notions of ample or nef line bundles were
reserved for line bundles with smooth metris, whih is not the ase here.
2) Note that there exists another (non-equivalent) denition of arithmeti volume
funtion in the literature. See [3, 10.1℄ and [9, 5℄ where the arithmeti volume
of a Hermitian line bundle L was dened as the following number:
(2) S(L) := lim
n→+∞
χ(pi∗(L
⊗n
))
nd+1/(d+ 1)!
∈ [−∞,+∞[,
whih is also alled setional apaity in the terminology of [25℄. However, in the
analogy between Arakelov geometry and relative algebrai geometry over a regular
urve, it is (1) that orresponds to the geometri volume funtion. Note that one
always has
v̂ol(L) > lim
n→+∞
χ(pi∗(L
⊗n
))
nd+1/(d+ 1)!
,
and the equality holds when L is nef. Under this assumption, both quantities are
equal to the intersetion number ĉ1(L)
d+1
. This is a onsequene of the Hilbert-
Samuel formula. See [16, 1, 28, 2, 24, 21℄ for details.
In the following, we present some properties of nef line bundles. Note that Proposi-
tions 2.2 and 2.3 have been proved in [20, 2℄ for Hermitian line bundles with smooth
metris. Here we adapt these results to ontinuous metri ase by using the ontinuity
of intersetion numbers.
Proposition 2.2.  Let N be a Hermitian line bundle on X whih is vertially nef.
Assume that for any x ∈ X(K), one has hN (x) > 0, then the Hermitian line bundle
N is nef.
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Proof.  Choose an ample Hermitian line bundle A on X suh that hA has stritly
positive lower bound. For any integer n > 1, let Ln := (Ln, (‖ · ‖σ)σ:K→C) be
the tensor produt N
⊗n
⊗ A. The height funtion hLn is bounded from below by
a stritly positive number εn. Note that the metris of Ln are semi-positive. By
[19, Theorem 4.6.1℄ (see also [24, 3.9℄), there exists a sequene of smooth positive
metri families (αm)m>1 with αm = (‖ · ‖σ,m)σ:K→C, suh that ‖ · ‖σ,m onverges
uniformly to ‖ · ‖σ when m tends to the innity. Denote by Ln,m = (Ln, αm). For
suiently large m, hLn,m is bounded from below by εn/2. Thus [28, Corollary 5.7℄
implies that, for any integer subsheme Y of X whih is at over SpecOK , one has
n− dimY ĉ1(Ln,m|Y )
dimY > 0. By passing suessively m and n to the innity, one
obtains ĉ1(N |Y )
dimY > 0. Therefore N is nef.
We say that a Hermitian line bundle L on X is integrable if there exist two ample
Hermitian line bundles A1 and A2 suh that L = A1 ⊗ A
∨
2 . Denote by Înt(X) the
subgroup of P̂ic(X) formed by all integrable Hermitian line bundles. If (Li)
d
i=0 is a
family of integrable Hermitian line bundles on X , then the intersetion number
ĉ1(L0) · · · ĉ1(Ld)
is dened (see [28, Lemma 6.5℄, [29, 1℄ and [19℄ 5). Furthermore, it is a symmetri
multi-linear form whih is ontinuous in eah Li. Namely, for any family (M i)
d
i=0 of
integrable Hermitian line bundles, one has
lim
n→+∞
n−d−1ĉ1(L
⊗n
0 ⊗M0) · · · ĉ1(L
⊗n
d ⊗Md) = ĉ1(L0) · · · ĉ1(Ld).
Proposition 2.3.  Let (Li)
d−1
i=0 be a family of nef Hermitian line bundles on X
and M be an integrable Hermitian line bundle on X whih is eetive. Then
(3) ĉ1(L0) · · · ĉ1(Ld−1)ĉ1(M) > 0
Proof.  Choose an ample Hermitian line bundle A on X suh that hA is bounded
from below by some stritly positive number. By virtue of the proof of Proposition
2.2, for any i ∈ {0, · · · , d − 1} and any integer n > 1, there exists a sequene of
nef Hermitian line bundles with smooth metris (L
(m)
i,n )m>1 whose underlying line
bundle is L⊗ni ⊗A and whose metris onverge uniformly to that of L
⊗n
i ⊗A. By [20,
Proposition 2.3℄, one has
ĉ1(L
⊗n
0 ⊗A) · · · ĉ1(L
⊗n
d−1 ⊗A)ĉ1(M) > 0.
By passing to limit, one obtains (3).
Remark 2.4.  Using the same method, we an prove that, if (Li)
d
i=0 is a family
of nef Hermitian line bundles on X , then
(4) ĉ1(L0) · · · ĉ1(Ld) > 0.
Proposition 2.5.  Let L be a Hermitian line bundle on X suh that c1(L) is semi-
positive in the sense of urrent on X(C). Assume that there exists an integer n > 0
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suh that L⊗n is generated by its eetive setions. Then the Hermitian line bundle
L is nef.
Proof.  Sine L⊗n is generated by its setions, the line bundle L is nef relatively
to pi. After Proposition 2.2, it sues to verify that, for any x ∈ X(K), one has
hL(x) > 0. For any integer m > 1, let Bm = pi∗(L
⊗m) and let B
[0]
m be the saturated
sub-OK-module of Bm generated by eetive setions. Sine L
⊗n
is generated by its
eetive setions, also is L⊗np for any integer p > 1. In partiular, one has surjetive
homomorphisms x∗pi∗B
[0]
pn,Kx
→ x∗L⊗npKx . By slope inequality (see [5, Appendix A℄),
one has nphL(x) > µ̂min(B
[0]
np). By passing to limit, one obtains hL(x) > 0.
We say that a Hermitian line bundle L on X is free if c1(L) is semi-positive in
the sense of urrent on X(C) and if some positive tensor power of L is generated by
eetive global setions. We denote by F̂r(X) the subgroup of P̂ic(X) onsisting of
free Hermitian line bundles. After Proposition 2.5, one has F̂r(X) ⊂ N̂ef(X).
Unlike the ampleness, the properties of being big, nef, or free are all invariant by
birational modiations. That is, if ν : X ′ → X is a birational projetive morphism,
and if L is a Hermitian line bundle on X whih is big (resp. nef, free), then also is
ν∗(L).
3. Positive intersetion produt
In this setion, we shall dene the positive intersetion produt for big (non-
neessarily integral) Hermitian line bundles. When all Hermitian line bundles are
nef, the positive intersetion produt oinides with the usual intersetion produt.
Furthermore, the highest positive auto-intersetion number is just the arithmeti
volume of the Hermitian line bundle. We shall use the positive intersetion produt
to interpret the dierential of the arithmeti volume funtion.
3.1. Admissible deompositions. 
Denition 3.1.  Let L be a big Hermitian line bundle on X . We all admissible
deomposition of L any triplet (ν,N, p), where
1) ν : X ′ → X is a birational projetive morphism,
2) N is a free Hermitian line bundle on X ′,
3) p > 1 is an integer suh that ν∗(L
⊗p
)⊗N
∨
is eetive.
Denote by Θ(L) the set of all admissible deompositions of L.
We introdue an order relation on the set Θ(L). Let Di = (νi : Xi → X,N i, pi)
(i = 1, 2) be two admissible deompositions of L. We say that D1 is superior to D2
and we denote by D1 ≻ D2 if p2 divides p1 and if there exists a projetive birational
morphism η : X1 → X2 suh that ν2η = ν1 and that N1⊗(η
∗N2)
∨⊗(p1/p2)
is eetive.
Remark 3.2.  (1) Assume that D = (ν : X ′ → X,N, p) is an admissible deom-
position of L. Then for any birational projetive morphism η : X ′′ → X ′, the
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triplet η∗D := (νη, η∗N, p) is also an admissible deomposition of L, and one has
η∗D ≻ D.
(2) Assume that D = (ν,N, p) is an admissible deomposition of L. Then for any
integer n > 1, Dn = (ν,N
⊗n
, np) is also an admissible deomposition of L.
Furthermore, one has Dn ≻ D.
(3) Assume that D1 = (ν,N1, p) and D2 = (ν,N2, q) are two admissible deomposi-
tions of L whose underlying birational projetive morphisms are the same. Then
D1 ⊗D2 := (ν,N1 ⊗N2, p+ q) is an admissible deomposition of L.
(4) Assume that M is an eetive Hermitian line bundle on X . By denition, any
admissible deomposition of L is also an admissible deomposition of L⊗M .
In the following proposition, we show that the set Θ(L) is ltered with respet to
the order ≻.
Proposition 3.3.  if D1 and D2 are two admissible deompositions of L, then
there exists an admissible deomposition D of L suh that D ≻ D1 and D ≻ D2.
Proof.  After Remark 3.2 (1)(2), we may assume that the rst and the third
omponents of D1 and D2 are the same. Assume that D1 = (ν,N1, p) and D2 =
(ν,N2, p), where ν : X
′ → X is a birational projetive morphism. Let M i = ν
∗L
⊗p
⊗
N
∨
i (i = 1, 2). SineM1 andM2 are eetive, there exist homomorphisms ui :M
∨
i →
OX′ orresponding to eetive setions si : OX′ → Mi (i = 1, 2). Let η : X
′′ → X ′
be the blow up of the ideal sheaf Im(u1 ⊕ u2). Let M be the exeptional line bundle
and s : OX′′ →M be the setion whih trivializes M outside the exeptional divisor.
The anonial surjetive homomorphism η∗(M∨1 ⊕M
∨
2 ) → M
∨
indues by duality
an injetive homomorphism ϕ : M → M1 ⊕M2. We equip M1 ⊕M2 with metris
(‖ · ‖σ)σ:K→C suh that, for any x ∈ X
′′
σ (C) and any setion (u, v) of M1,σ ⊕M2,σ
over a neighbourhood of x, one has ‖(u, v)‖σ(x) = max{‖u‖σ,1(x), ‖v‖σ,2(x)}. As
ϕs = (η∗s1, η
∗s2), and the setions s1 and s2 are eetive, one obtains that the
setion s is also eetive. Let N = (νη)∗L
⊗p
⊗M
∨
. One has a natural surjetive
homomorphism
ψ : η∗N1 ⊕ η
∗N2 −→ N.
Furthermore, if we equip η∗N1 ⊕ η
∗N2 with metris (‖ · ‖σ)σ:K→C suh that, for any
x ∈ X ′′σ (x), ‖(u, v)‖σ(x) = ‖u‖σ(x) + ‖v‖σ(x), then the metris on N are just the
quotient metris by the surjetive homomorphism ψ, whih are semi-positive sine
the metris of η∗N1 and of η
∗N2 are. As both Hermitian line bundles N1 and N2 are
generated by eetive global setions, also is N . Therefore, (νη,N, p) is an admissible
deomposition of L, whih is superior to both D1 and D2.
3.2. Intersetion of admissible deompositions.  Let (Li)
d
i=0 be a family of
Hermitian line bundles on X . Let m ∈ {0, · · ·d}. Assume that Li is big for any
i ∈ {0, · · · ,m} and is integrable for any i ∈ {m+ 1, · · · , d}. For any i ∈ {0, · · · ,m},
let Di = (νi : Xi → X,N i, pi) be an admissible deomposition of Li. Choose a
birational projetive morphism ν : X ′ → X whih fatorizes through νi for eah
i ∈ {0, · · · ,m}. Denote by ηi : Xi → X the projetive birational morphism suh that
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ν = νiηi (0 6 i 6 m). Dene (D0 · · ·Dm) · ĉ1(Lm+1) · · · ĉ1(Ld) as the normalized
intersetion produt
ĉ1(η
∗
0N0) · · · ĉ1(η
∗
mNm)ĉ1(ν
∗Lm+1) · · · ĉ1(ν
∗Ld)
m∏
i=0
p−1i .
This denition does not depend on the hoie of ν.
Proposition 3.4.  Let (Li)06i6d be a family of Hermitian line bundles on X.
Let m ∈ {0, · · · , d}. Assume that Li is big for i ∈ {0, · · · ,m}, and is nef for
i ∈ {m + 1, · · · , d}. For any i ∈ {0, · · · ,m}, let Di and D
′
i be two admissible
deompositions of Li suh that Di ≻ D
′
i. Then
(5) (D0 · · ·Dm) · ĉ1(Lm+1) · · · ĉ1(Ld) > (D
′
0 · · ·D
′
m) · ĉ1(Lm+1) · · · ĉ1(Ld)
Proof.  By substituting progressively Di by D
′
i, it sues to prove that
(D0 ·D1 · · ·Dm) · ĉ1(Lm+1) · · · ĉ1(Ld) > (D
′
0 ·D1 · · ·Dm) · ĉ1(Lm+1) · · · ĉ1(Ld),
whih is a onsequene of Proposition 2.3.
Corollary 3.5.  With the notation and the assumptions of Proposition 3.4, the
supremum
(6) sup
{
(D0 · · ·Dm) · ĉ1(Lm+1) · · · ĉ1(Ld)
∣∣∣ 0 6 i 6 m, Di ∈ Θ(Li)}
exists in R>0.
Proof.  For any i ∈ {0, · · · ,m}, let Ai be an arithmetially ample Hermitian line
bundle on X suh that Ai⊗L
∨
i is eetive. Then all numbers of the set (6) is bounded
from above by ĉ1(A0) · · · ĉ1(Am) · ĉ1(Lm+1) · · · ĉ1(Ld).
3.3. Positive intersetion produt.  Let (Li)
m
i=0 be a family of big Hermitian
line bundles on X , where 0 6 m 6 d. Denote by
〈
ĉ1(L0) · · · ĉ1(Lm)
〉
the funtion
on N̂ef(X)d−m whih sends a family of nef Hermitian line bundles (Lj)
d
j=m+1 to the
supremum
sup
{
(D0 · · ·Dm) · ĉ1(Lm+1) · · · ĉ1(Ld)
∣∣∣ 0 6 i 6 m, Di ∈ Θ(Li)}.
Sine all Θ(Li) are ltered, this funtion is additive in eah Lj (m + 1 6 j 6 d).
Thus it extends naturally to a multi-linear funtion on Înt(X) whih we still denote
by
〈
ĉ1(L0) · · · ĉ1(Lm)
〉
, alled the positive intersetion produt of (Li)
m
i=0.
Remark 3.6.  (1) If all Hermitian vetor bundles (Li)
m
i=0 are nef, then the positive
intersetion produt oinides with the usual intersetion produt.
(2) The positive intersetion produt is homogeneous in eah Li (0 6 i 6 m).
However, in general it is not additive in eah variable. If we onsider it as a
funtion on N̂ef(X), then it is super-additive in eah variable.
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(3) Assume that all Hermitian line bundles (Li)
m
i=0 are the same. That is, L0 = · · · =
Lm = L. We use the expression
〈
ĉ1(L)
m+1
〉
to denote the positive intersetion
produt 〈
ĉ1(L) · · · ĉ1(L)︸ ︷︷ ︸
m+1 opies
〉
.
With this notation, for any (Lj)
d
j=m+1 ∈ N̂ef(X)
d−m
, one has〈
ĉ1(L)
m
〉
· ĉ1(Lm+1) · · · ĉ1(Ld) = sup
D∈Θ(L)
(D · · ·D) · ĉ1(Lm+1) · · · ĉ1(Ld).
This equality omes from the fat that the ordered setΘ(L) is ltered (Proposition
3.3) and from the omparison (5). In partiular, the Fujita's approximation
theorem (see [12℄ and [27℄) implies that
〈
ĉ1(L)
d+1
〉
= v̂ol(L).
Lemma 3.7.  Let (Li)
m
i=0 be a family of big Hermitian line bundles on X, where
m ∈ {0, · · · , d}. For any i ∈ {0, · · · ,m}, let M i be an eetive Hermitian line bundle
on X and let N i = Li ⊗M i. Then one has
(7)
〈
ĉ1(L0) · · · ĉ1(Lm)
〉
>
〈
ĉ1(N0) · · · ĉ1(Nm)
〉
,
where we have onsidered the positive intersetion produts as funtions on
N̂ef(X)d−m.
Proof.  By Remark 3.6 (4), if Di is an admissible deomposition of Li, then it
is also an admissible deomposition of Li. Hene by the denition of the positive
intersetion produt, the inequality (7) is true.
The following proposition shows that the positive intersetion produt is ontinuous
in eah variable.
Proposition 3.8.  Let (Li)06i6m be a family of big Hermitian line bundles on X,
where m ∈ {0, · · · , d}. Let (M i)06i6m be a family of Hermitian line bundles on X .
Then
(8) lim
n→∞
n−m
〈
ĉ1(L
⊗n
0 ⊗M0) · · · ĉ1(L
⊗n
m ⊗Mm)
〉
=
〈
ĉ1(L0) · · · ĉ1(Lm)
〉
Proof.  We onsider rstly both positive intersetion produts as funtions on
N̂ef(X). Let αn =
〈
ĉ1(L
⊗n
0 ⊗M0) · · · ĉ1(L
⊗n
m ⊗Mm)
〉
. Sine Li is big, there exists
an integer q > 1 suh that the Hermitian line bundles L
⊗q
i ⊗M i and L
⊗q
i ⊗M
∨
i are
both eetive. Thus the Lemma 3.7 implies that
αn >
〈
ĉ1(L
⊗(n−q)
0 ) · · · ĉ1(L
⊗(n−q)
m )
〉
= (n− q)m
〈
ĉ1(L0) · · · ĉ1(Lm)
〉
,
αn 6
〈
ĉ1(L
⊗(n+q)
0 ) · · · ĉ1(L
⊗(n+q)
m )
〉
= (n+ q)m
〈
ĉ1(L0) · · · ĉ1(Lm)
〉
.
By passing to limit, we obtain (8) as an equality of funtions on N̂ef(X)d−m. The
general ase follows from the multi-linearity.
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Remark 3.9.  Proposition 3.8 implies in partiular that, if (f
(i)
n )n>1 (i =
0, 1, · · · ,m) are families of ontinuous funtions on X(C) whih onverge uniformly
to zero. Then one has
lim
n→+∞
〈
ĉ1(L0(f0)) · · · ĉm(Lm(fm))
〉
=
〈
ĉ1(L0) · · · ĉm(Lm)
〉
.
In partiular, the mapping
t 7→
〈
ĉ1(L0(t)) · · · ĉ1(Lm(t))
〉
is ontinuous on the (open) interval that it it well dened.
Proposition 3.10.  Let (Li)
d−1
i=0 be a family of big Hermitian line bundles on X.
If M is an eetive integrable Hermitian line bundle on X, then〈
ĉ1(L0) · · · ĉ1(Ld−1)
〉
· ĉ1(M) > 0.
Proof.  This is a diret onsequene of Proposition 2.3.
Remark 3.11.  Proposition 3.10 permits us to extend the funtion
〈
ĉ1(L0) · · · ĉ1(Ld−1)
〉
on P̂ic(X). LetM be an arbitrary Hermitian line bundle on X . By Weierstrass-Stone
theorem, there exists a sequene (fn)n>1 of ontinuous funtions on X(C) whih
onverges uniformly to 0, and suh that M(fn) is of smooth metris for any n. Thus
M(fn) is integrable and an =
〈
ĉ1(L0) · · · ĉ1(Ld−1)
〉
· ĉ1(M(fn)) is well dened. Let
εn,m = ‖fn − fm‖sup. Choose an ample Hermitian line bundle A suh that A⊗L
∨
i is
eetive for any i ∈ {0, · · · , d− 1}. Note that
an − am =
〈
ĉ1(L0) · · · ĉ1(Ld−1)
〉
· ĉ1(O(fn − fm))
6 〈ĉ1(L0) · · · ĉ1(Ld−1)
〉
· ĉ1(O(εn,m))
6
〈
ĉ1(A)
d
〉
· ĉ1(O(εn,m)) = εn,mc1(AK)
d
(9)
By interhanging the roles of n and m in (9) and then ombining the two inequalities,
one obtains |an−am| 6 εn,mc1(AK)
d
. Therefore, (an)n>1 is a Cauhy sequene whih
onverges to a real number whih we denote by
〈
ĉ1(L0) · · · ĉ1(Ld−1)
〉
· ĉ1(M). By an
argument similar to the inequality (9), this denition does not depend on the hoie of
the sequene (fn)n>1. The extended funtion is additive on P̂ic(X), whih is positive
on the subgroup of eetive Hermitian line bundles, and satises the onlusion of
Proposition 3.8.
4. Dierentiability of the arithmeti volume funtion
In this setion, we establish the dierentiability of the arithmeti volume funtion.
We begin by presenting the following lemma, whih is analogous to [8, Corollary 3.4℄.
Lemma 4.1.  Let L and N be two nef Hermitian line bundles on X. Let M be
an integrable Hermitian line bundle on X. Assume that M ⊗N and M
∨
⊗N are nef
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and that L
∨
⊗N is eetive. Then there exists a onstant C > 0 only depending on
d suh that
v̂ol(L
⊗n
⊗M) > nd+1v̂ol(L) + (d+ 1)ndĉ1(L)
dĉ1(M)− Cv̂ol(N)n
d−1.
Proof.  Reall that (see [26, Theorem 2.2℄, see also [21, Theorem 5.6℄) if A and B
are two nef Hermitian line bundles on X , then
(10) v̂ol(B ⊗A
∨
) > ĉ1(B)
d+1 − ĉ1(B)
dĉ1(A).
Let B = L
⊗n
⊗M ⊗N . It is a nef Hermitian line bundle on X . If one applies (10)
on B and on A = N , one obtains
v̂ol(L
⊗n
⊗M) = v̂ol(B ⊗N
∨
) > ĉ1(B)
d+1 − (d+ 1)ĉ1(B)
dĉ1(N)
= nd+1ĉ1(L)
d+1 + (d+ 1)ndĉ1(L)
dĉ1(M) +O(n
d−1),
where the impliit onstant is a linear ombination of intersetion numbers of Hermi-
tian line bundles of the form L or M ⊗N , and hene an be bounded from above by
a multiple of ĉ1(N)
d+1 = v̂ol(N), aording to Proposition 2.3.
Remark 4.2.  In [26℄, Yuan has atually proved a stronger inequality by replaing
the v̂ol(B ⊗A
∨
) in (10) by
lim
n→+∞
χ(pi∗(B
⊗n
⊗A
∨⊗n
))
nd+1/(d+ 1)!
.
In fat, this quantity is always bounded from above by v̂ol(B ⊗A
∨
).
Proof of Theorem 1.1.  We rst assume that the metris ofM are smooth. Choose
an ample Hermitian line bundle N suh that N ⊗M and N ⊗M
∨
are ample, and
that N ⊗L
∨
is eetive. Let D = (ν : X ′ → X,A, p) be an admissible deomposition
of L. One has
v̂ol(L
⊗n
⊗M) = p−d−1v̂ol(ν∗L
⊗np
⊗ ν∗M
⊗p
) > p−d−1v̂ol(A
⊗n
⊗M
⊗p
).
Note that N
⊗p
⊗M
⊗p
and N
⊗p
⊗M
∨⊗p
are nef and
N
⊗p
⊗A
∨
= (N ⊗ L
∨
)⊗p ⊗ (L
⊗p
⊗A
∨
)
is eetive. After Lemma 4.1, one obtains
v̂ol(A
⊗n
⊗M
⊗p
) > nd+1ĉ1(A)
d+1 + (d+ 1)ndpĉ1(A)
dĉ1(M)− Cp
d+1v̂ol(N)nd−1.
Therefore,
v̂ol(L
⊗n
⊗M) > nd+1(Dd+1) + (d+ 1)nd(Dd) · ĉ1(M)− Cv̂ol(N)n
d−1.
Sine D is arbitrary, one has
(11) v̂ol(L
⊗n
⊗M) > nd+1v̂ol(L) + (d+ 1)nd
〈
ĉ1(L)
d
〉
· ĉ1(M)− Cv̂ol(N)n
d−1.
By passing to limit, one obtains
lim inf
n→+∞
v̂ol(L
⊗n
⊗M)− v̂ol(L
⊗n
)
nd
> (d+ 1)
〈
ĉ1(L)
d〉 · ĉ1(M).
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If we apply (11) in replaing L by L
⊗n
⊗M , M byM
∨⊗n
and N by N
⊗2n
, we obtain
v̂ol(L
⊗n2
) > nd+1v̂ol(L
⊗n
⊗M)−(d+1)nd+1
〈
ĉ1(L
⊗n
⊗M)d
〉
·ĉ1(M)−C(2n)
d+1v̂ol(N)nd−1,
or equivalently
v̂ol(L
⊗n
) > v̂ol(L
⊗n
⊗M)− (d+ 1)
〈
ĉ1(L
⊗n
⊗M)d
〉
· ĉ1(M)− 2
d+1Cv̂ol(N)nd−1.
Thus
lim sup
n→∞
v̂ol(L
⊗n
⊗M)− v̂ol(L
⊗n
)
nd
6 lim
n→∞
n−d(d+ 1)
〈
ĉ1(L
⊗n
⊗M)d
〉
· ĉ1(M)
= (d+ 1)
〈
ĉ1(L)
d
〉
· ĉ1(M).
Therefore, one has
lim
n→+∞
v̂ol(L
⊗n
⊗M)− v̂ol(L
⊗n
)
nd
= (d+ 1)
〈
ĉ1(L)
d〉 · ĉ1(M).
For the general ase, by Weierstrass-Stone theorem, for any ε > 0, there exist
two Hermitian line bundles with smooth metris Mε,1 = (M, (‖ · ‖
′
σ,ε)σ:K→C) and
Mε,2 = (M, (‖ · ‖
′′
σ,ε)σ:K→C) suh that
‖ · ‖′σ,ε 6 ‖ · ‖σ 6 ‖ · ‖
′′
σ,ε, and maxσ
sup
x∈Xσ(C)
∣∣ log ‖ · ‖′σ,ε(x) − log ‖ · ‖′′σ,ε(x)∣∣ 6 ε,
where ‖ · ‖σ is the norm of index σ of M . Note that M ε,2 6 M 6 Mε,1. By the
speial ase that we have proved, one has
(d+ 1)
〈
ĉ1(L)
d
〉
· ĉ1(Mε,2) 6 lim inf
n→+∞
v̂ol(L
⊗n
⊗M)− v̂ol(L
⊗n
)
nd
6 lim sup
n→+∞
v̂ol(L
⊗n
⊗M)− v̂ol(L
⊗n
)
nd
6 (d+ 1)
〈
ĉ1(L)
d
〉
· ĉ1(M ε,1)
Let fε : X(C) → R be the funtion suh that log ‖ · ‖
′′
σ,ε(x) = log ‖ · ‖
′
σ,ε(x) + fε(x).
Denote by O(fε) the Hermitian line bundle on X whose underlying Hermitian line
bundle is trivial, and suh that ‖1‖(x) = e−fε(x). It is an eetive Hermitian line
bundle sine fε > 0. Furthermore, one has M ε,1 ⊗M
∨
ε,2
∼= O(fε). Let F be an ample
Hermitian line bundle on X suh that F ⊗ L
∨
is eetive. One has〈
ĉ1(L)
d
〉
· (ĉ1(M ε,2)− ĉ1(M ε,1)) =
〈
ĉ1(L)
d
〉
· ĉ1(O(fε))
6
〈
ĉ1(L)
d
〉
· ĉ1(O(ε)) 6 ĉ1(F )
dĉ1(O(ε)) = ε
∫
X(C)
c1(F )
d,
where in the rst inequality, we have applied Proposition 3.10 (see also Remark 3.11),
and in the seond inequality, we have used the fat that O(ε) is nef and then applied
Lemme 3.7. Sine ε is arbitrary, we obtain that
DLv̂ol(M) := limn→+∞
v̂ol(L
⊗n
⊗M)− v̂ol(L
⊗n
)
nd
DIFFERENTIABILITY OF THE ARITHMETIC VOLUME FUNCTION 13
exists in R. Sine
(d+ 1)
〈
ĉ1(L)
d
〉
· ĉ1(M ε,2) 6 DLv̂ol(M) 6 (d+ 1)
〈
ĉ1(L)
d
〉
· ĉ1(M ε,1),
by virtue of Remark 3.11, we obtain DLv̂ol(M) = (d + 1)
〈
ĉ1(L)
d
〉
· ĉ1(M), whih is
additive with respet to M .
A diret onsequene of Theorem 1.1 is the asymptoti orthogonality of arithmeti
Fujita approximation.
Corollary 4.3.  Assume that L is a big Hermitian line bundle on X. One has
(12)
〈
ĉ1(L)
d
〉
· ĉ1(L) = v̂ol(L).
Proof.  By denition,
DLv̂ol(L) = limn→+∞
v̂ol(L
n+1
)− v̂ol(L
⊗n
)
nd
= v̂ol(L) lim
n→+∞
(n+ 1)d+1 − nd+1
nd
= (d+ 1)v̂ol(L).
So (12) follows from Theorem 1.1.
Remark 4.4.  As mentioned in Introdution, the dierentiability of the geometri-
al volume funtion an be obtained by using the method of Okounkov bodies devel-
oped in [23℄. See [18℄ for a proof of this result and other interesting results onerning
geometri volume funtions. Reently, Yuan [27℄ has proposed a partial analogue of
the onstrution of Lazarsfeld and Musµata in Arakelov geometry. In fat, he has
dened the Okounkov bodies of a Hermitian line bundle with respet to so-alled
vertial ags. This permits him to obtain the log-onavity of the arithmeti volume
funtion and the analogue of Fujita's approximation theorem in Arakelov goemetry,
where the latter has also been independently obtained by the present author [12℄,
using asymptoti measures. Quite possibly, an analogue of Lazarsfeld and Musµata's
onstrution with respet to horizontal ags ould also imply the dierentiability of
the arithmeti volume funtion.
5. Appliations and omparisons
In this setion, we shall apply our dierentiability result to study several arithmeti
invariants of Hermitian line bundles.
5.1. Asymptoti measure.  Let L be a Hermitian line bundle on X suh that
LK is big. The asymptoti measure of L is the vague limit in the spae of Borel
probability measures
(13) νL := − limn→+∞
d
dt
rk
(
VectK
(
{s ∈ pi∗L
⊗n | ∀σ, ‖s‖σ,sup 6 e
−λn}
))
rk(pi∗L⊗n)
,
where the derivative is taken in the sense of distribution. It is also the limit of
normalized Harder-Narasimhan measures (f. [10, 11, 12℄).
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Note that the support of the probability measure νL is ontained in ]−∞, µ̂
pi
max(L)],
where µ̂pimax(L) is the limit of maximal slopes (see [10, Theorem 4.1.8℄):
µ̂pimax(L) := limn→+∞
µ̂max(pi∗L
⊗n
)
n
.
Reall that in [11, Theorem 5.5℄, the present author has proved that µ̂pimax(L) > 0 if
and only if LK is big. Furthermore, by denition, one has µ̂
pi
max(L(a)) = µ̂
pi
max(L) + a
for any a ∈ R. Therefore, µ̂pimax(L) is also the inmum of all real numbers ε suh that
L(−ε) is big.
The asymptoti measure is a very general arithmeti invariant. Many arithmeti
invariants of L an be represented as integrals with respet to νL. In the following,
we disuss some examples. The asymptoti positive slope of L is dened as
µ̂pi+(L) :=
1
[K : Q]
v̂ol(L)
(d+ 1)vol(LK)
.
In [11℄, the author has proved that µ̂pi+(L) is also the maximal value of the asymptoti
Harder-Narasimhan polygon of L and that the asymptoti positive slope has the
following integral form:
(14) µ̂pi+(L) =
∫
R
max(x, 0) νL(dx).
More generally, for any a ∈ R, one has
(15)
∫
R
max(x− a, 0) νL(dx) = µ̂
pi
+(L(−a)).
Another important example is the asymptoti slope of L, whih is
µ̂pi(L) :=
1
[K : Q]
S(L)
(d+ 1)vol(LK)
∈ [−∞,+∞[,
where S(L) is the setional apaity of L as in (2). The asymptoti slope has the
following integral form
µ̂pi(L) =
∫
R
x νL(dx).
Observe that we have
(16) µ̂pimax(L) > µ̂
pi
+(L) > µ̂
pi(L).
Using Theorem 1.1 and the dierentiability of geometri volume funtion in [8℄,
we prove that the asymptoti positive slope µ̂pi+ is dierentiable and alulate its
dierential.
Proposition 5.1.  Assume that L is a big Hermitian line bundle on X. For any
Hermitian line bundle M , one has
DLµ̂
pi
+(M) := limn→+∞
(
µ̂pi+(L
⊗n
⊗M)− µ̂pi+(L
⊗n
)
)
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exists in R. Furthermore, one has
DLµ̂
pi
+(M) :=
〈
ĉ1(L)
d
〉
· ĉ1(M)
[K : Q]vol(LK)
−
d
〈
c1(LK)
d−1
〉
· c1(MK)
vol(LK)
µ̂pi+(L),
where
〈
c1(LK)
d−1
〉
· c1(MK) is the geometri positive intersetion produt ([8, 2℄).
Proof.  This is a diret onsequene of Theorem 1.1 and [8, Theorem A℄, where the
latter asserts that
lim
n→+∞
vol(L⊗nK ⊗MK)− vol(L
⊗n
K )
nd−1
= d
〈
c1(LK)
d−1
〉
· c1(MK).
We then dedue from Proposition 5.1 the expression of the distribution funtion of
the measure νL.
Proposition 5.2.  The distribution funtion FL of νL satises the equality
FL(a) := νL(]−∞, a]) = 1−
〈
ĉ1(L(−a))
d
〉
· ĉ1(O(1))
[K : Q]vol(LK)
, a < µ̂pimax(L).
Proof.  One has
FL(a) = 1 +
d
da
∫
R
max(x− a, 0) ν(dx) = 1 +
d
da
µ̂pi+(L(−a)).
By Proposition 5.1, one obtains
d
da
µ̂pi+(L(−a)) = −
〈
ĉ1(L(−a))
d
〉
· ĉ1(O(1))
[K : Q]vol(LK)
.
Remark 5.3.  1) Sine the support of νL is bounded from above by µ̂max(L), one
has FL(a) = 1 for a > µ̂max(L).
2) As a onsequene of Proposition 5.2, one obtains that the funtion〈
ĉ1(L(−a))
d
〉
· ĉ1(O(1))
[K : Q]vol(LK)
is dereasing with respet to a on ]−∞, µ̂pimax(L)[, whih is also implied by Lemma
3.7. Furthermore, this funtion takes values in ]0, 1], and onverges to 1 when
a→ −∞.
3) Let a ∈]−∞, µ̂pimax(L)[. The restrition of
1
[K : Q]vol(LK)
〈
ĉ1(L(−a))
d
〉
on C0(X(C)) (onsidered as a subgroup of P̂ic(X) via the mapping f 7→ O(f))
is a positive linear funtional, thus orresponds to a Radon measure on X(C).
Furthermore, by 1), its total mass is bounded from above by 1, and onverges to
1 when a→ −∞.
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4) After Remark 3.9, we observe from Proposition 5.2 that the only possible dison-
tinuous point of the distribution funtion FL(a) is a = µ̂
pi
max(L).
As an appliation, we alulate the setional apaity in terms of positive interse-
tion produt.
Corollary 5.4.  Let L be a Hermitian line bundle on X suh that LK is big. Let
A = µ̂pimax(L). One has
S(L) = (d+1)A lim
x→A−
〈
ĉ1(L(−x))
d
〉
·ĉ1(O(1))−
∫ A
−∞
(d+1)xd
〈
ĉ1(L(−x))
d
〉
·ĉ1(O(1)).
5.2. Lower bound of the positive intersetion produt.  Our dierentia-
bility result permits to obtain a lower bound for positive intersetion produts of the
form
〈
ĉ1(L)
d
〉
· ĉ1(M), where L is a big Hermitian line bundle on X and M is an
eetive Hermitian lien bundle on X , by using the log-onavity of the arithmeti
volume funtion proved in [27℄.
Proposition 5.5.  Let L and M be two Hermitian line bundles on X. Assume
that L is big and M is eetive. Then
(17)
〈
ĉ1(L)
d
〉
· ĉ1(M) > vol(L)
d
d+1 vol(M)
1
d+1 .
Proof.  Theorem 1.1 shows
lim
n→+∞
vol(L
⊗n
⊗M)− vol(M)
nd
= (d+ 1)
〈
ĉ1(L)
d
〉
· ĉ1(M).
By [27, Theorem B℄, one has
v̂ol(L
⊗n
⊗M) >
(
v̂ol(L
⊗n
)
1
d+1 + v̂ol(M)
1
d+1
)d+1
.
By passing to limit, we obtain the required inequality.
Remark 5.6.  The inequality (17) ould be onsidered as an analogue in Arakelov
geometry (suggested by Bertrand [4℄) of the isoperimetri inequality proved by Federer
[13, 3.2.43℄. See [14, 5.4℄ for an interpretation in terms of intersetion theory, and
[4, 1.2℄ for an analogue in geometry of numbers.
5.3. Comparison to other dierentiability results.  We nally ompare our
results to several dierentiability results on arithmeti invariants.
Intersetion number.  Reall that the self-intersetion number ĉ1(L)
d+1
is well
dened for integrable Hermitian line bundles L. See [15, 28, 29℄. Furthermore,
it is a polynomial funtion. Therefore, for any integrable Hermitian line bundles L
and M , one has
lim
n→+∞
ĉ1(L
⊗n
⊗M)d+1 − ĉ1(L
⊗n
)
nd
= (d+ 1)ĉ1(L)
dĉ1(M).
This formula shows that the intersetion number is dierentiable at L along all
diretions in Înt(X).
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Setional apaity.  By using the analogue of Siu's inequality in Arakelov geometry,
Yuan [26℄ has atually proved that the setional apaity S is dierentiable along
integrable diretions at any Hermitian line bundle L suh that L is ample and that
the metris of L are semi-positive. Furthermore, for suh L, one has
DLS(M) := limn→+∞
S(L
⊗n
⊗M)− S(L
⊗n
)
nd
= (d+ 1)ĉ1(L)
dĉ1(M),
where M is an arbitrary integrable Hermitian line bundles. This result has been
established by Autissier [2℄ in the ase where d = 1. Reently Berman and Bouksom
[3℄ have proved a general dierentiability result for the setional apaity. They have
proved that the funtion S is dierentiable along the diretions dened by ontinuous
funtions on X(C) on the one of generially big Hermitian lien bundles. Namely, for
any ontinuous funtion f on X(C) and any Hermitian line bundle L on X suh that
LK is big and that S(L) is nite, the limit
lim
n→+∞
S(L
⊗n
(f))− S(L
⊗n
)
nd
exists. They have also omputed expliitly the dierential in terms of the Monge-
Ampère measure of L (see Theorem 5.7 and Remark 5.8 lo. it.).
Our dierentiability result for arithmeti volume funtion (Theorem 1.1), ombined
with (15), implies the dierentiability of arithmeti invariants whih an be written
as the integration of a (xed) smooth funtion of ompat support with respet to
the asymptoti measure of the Hermitian line bundle, by using integration by part. It
would be interesting to know if a similar idea permits to dedue the dierentiability
of the setional apaity, whih an be written as the integral of the funtion f(x) = x
with respet to the asymptoti measure, along any diretion at any Hermitian line
bundle L suh that LK is big and that S(L) is nite.
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